Asteroid pairs had a single progenitor that split due to rotational-fission of a weak, rubble-pile structured body. By constructing shape models of asteroid pairs from multipleapparition observations and using a lightcurve inversion technique, we mapped the gravitational and rotational accelerations on the surfaces of these asteroids. This allows us to construct a map of local slopes on the asteroids' surfaces. In order to test for frictional failure, we determine the maximum rotation rate at which an area larger than half the surface area of the secondary member (assumed to be the ejected component) has a slope value greater than 40 degrees, the angle of friction of lunar regolith, where loose material will begin sliding. We use this criterion to constrain the failure stress operating on the body, just before disruption at the commonly observed spin barrier of 2.2 h.
Introduction
In recent years it became clear that a significant number of asteroids have a fragile nature. Various measurements provide evidence that most asteroids in the size range of ~0.2 to tens of km are collections of aggregates separated by voids, otherwise known as rubble piles: Asteroid densities are lower than the density of their constituent elements (e.g. Fujiwara et al. 2006; Carry 2012) ; Almost all asteroids larger than 0.2 km rotate slower than ~2.2 h per cycle (the rubble pile spin barrier) suggesting their internal strength is too weak to sustain a fast rotation (e.g. Pravec & Harris 2000) ; Most asteroids with satellites (binary asteroids) in this size range have rotation periods just below of the spin barrier, suggesting they formed after rotational disruption (e.g. Pravec et al. 2006) ; And asteroids were observed while shedding mass and breaking apart (e.g. Jewitt et al. 2014; Drahus et al. 2015) with no collisional scenario to explain it.
By definition, the rubble pile structure dictates a bulk density that is smaller than the material density from which it is made. A good example is 25143 Itokawa, that was measured to have a density of 2.0 gr cm -3 by the Japanese spacecraft Hayabusa (Sànchez & Scheeres 2014 based on mass measurement from Fujiwara et al. 2006) , while it is composed of LL ordinary chondrites that have a density of ~3.3 gr cm -3 (Britt & Consolmagno 2003) . Indeed, from Hayabusa's images, Itokawa appears to be constructed of multiple rocks, tens of meters in size, and is not monolithic. Another silicate asteroid, 433 Eros, was found to have a higher density of 2.67±0.03 gr cm -3 by the spacecraft NEAR-Shoemaker (Veverka et al. 2000) . Larger than Itokawa (mean diameter of 16,840 m compared to ~330 m), Eros is covered by a thin regolith, thus its internal structure is masked. Applying Itokawa's and Eros' density values to calculate the critical spin period before disruption of a rubble pile sphere in a zero-tensile model (Eq. 16 in Pravec & Harris 2007) , results with 2.3 h and 2.0 h, respectively, in agreement with the spin barrier at 2.2 h. Other published density values of similar size asteroids are mainly constrained by the orbit of a companion satellite. However, the density uncertainty is high mainly due to limited knowledge of the size and shape of the main body and the satellite's orbital parameters (Carry 2012) . Thus the density distribution of rubble piles remains uncertain.
In addition to self-gravity, studies of granular physics have demonstrated that van der Waals cohesive forces between small size grains trapped in a matrix around larger boulders can enlarge the asteroid internal strength and act as a mechanism resisting rotational disruption (e.g. Goldreich & Sari 2009 , Scheeres et al. 2010 , Sànchez & Scheeres 2014 , Scheeres 2015 . Indeed, Apollo mission's samples allowed measuring cohesion of lunar regolith (Mitchell et al. 1974) , and constraints were placed on the cohesion of Martian regolith by trenches and scuffs created by wheels of rovers (Sullivan et al. 2011) . Asteroid cohesion was constrained by grain size of in situ measured Itokawa (Sànchez & Scheeres 2014) and by a few fast rotating and intact asteroids (e.g. Rozitis et al. 2014 , Polishook et al. 2016 . However, it is unclear if these asteroids are representative of the broad class of rubble pile bodies.
The internal strength of a rubble piles must play a larger role in stabilizing asteroids as they spin up. The thermal YORP effect (Rubincam 2000) can spin up km-sized asteroids efficiently in a 10 6 -10 7 years by imposing torque from uneven reflected and re-emitted light from an asymmetric shape. It can also align the spin axis of these asteroids to their orbital plane (Vokrouhlický et al. 2003) . The effect of YORP was identified on specific asteroids (e.g. Taylor et al. 2007 ), on the spin axis direction of family members (Slivan 2002 ) and on the spin distribution of km-sized asteroids (e.g. Pravec et al. 2008 , Polishook & Brosch 2009 ). As it can accelerate rubble piles to beyond the spin-barrier at 2.2 h, the YORP effect is held responsible for the rotational-disruption of km-sized asteroids and the formation of binary asteroids and separated pairs (e.g. Scheeres 2007 , Walsh et al. 2008 .
Asteroid pairs are those found to share similar orbits but not positions. However, backward integrations show that they were once within each other's Hill sphere (Vokrouhlický & Nesvorný 2008) . Lists of almost 200 pairs were found using such dynamical criteria applied on all known asteroids (Pravec & Vokrouhlický 2009; Rozek et al. 2011) . Each pair had a single progenitor, with a rubble-pile structured body, that split in the last couple of ~10 6 years due to the rotational-disruption mechanism (Pravec et al. 2010) . Broadband photometry (Moskovitz 2012) and spectroscopy (e.g. Duddy et al. 2013 , Polishook et al. 2014 , Wolters et al. 2014 of asteroid pairs have shown identical spectral signature between the members of the same pair, supporting their shared origin. In addition, some of the pairs present fresh, nonweathered, reflectance spectra (Polishook et al. 2014) , indicating a recent and a significant disruption. Because no spectral variation was detected on young asteroid pairs, Polishook et al. (2014b) concluded that dust covers the primary body homogeneously following a rotationalfission event. Asteroid pairs were found to belong to different taxonomies (e.g. Moskovitz 2012) , suggesting that rotational fission is not a function of the asteroid's composition but rather of its structure. Linking the pairs to the YORP effect as the mechanism that spun-up their progenitors is possible when their spin axes are aligned with their orbital planes (Polishook 2014a) . About dozen of small clusters, including 3-5 bodies each, were found to be consistent with the rotational fission formation process (Pravec et al. 2018) , showing that the rotational disruption might be a complex process, and relevant to the formation of some binary asteroids.
The unique history of asteroid pairs makes them excellent natural laboratories to study asteroid interiors and strength, constraining parameters such as density and cohesion. Here we consider the criteria for asteroid break-up using shape models of asteroid pairs that allow us to calculate the local acceleration magnitude and direction and to construct a map of slopes on a body's surface.
Methods

Observations and data reduction
The observations were conducted at the Wise Observatory in Israel (Observatory code 097) during multiple apparitions and aspect angles, ranging on over a decade of observations (2007) (2008) (2009) (2010) (2011) (2012) (2013) (2014) (2015) (2016) (2017) (2018) (2019) to improve the constraints on the resulted models of the inversion technique. All observations were performed using the three telescopes of the Wise Observatory: the 1-m Ritchey-Chrétien telescope; the 0.71-m and the 0.46-m Centurion telescopes (Brosch et al. 2008 (Brosch et al. , 2015 . Most observations were performed without filters ("Clear"), or with wide, Luminance filter, though some were done using Cousins R. To minimize the point spread function for the moving targets (at a seeing value of 2 to 4 arcsec), exposure times did not exceed 240 seconds, all with an auto-guider.
The images were reduced in a standard way using bias and dark subtraction, and were divided by a normalized flat field image. IRAF's phot function was used for the photometry. Apertures with four-pixel radii were chosen to minimize photometric errors. The mean sky value was measured using an annulus of 10 pixels wide and inner radius of 10 pixels around the source's center. The photometric values were calibrated to a differential magnitude level using tens to hundreds local comparison stars measured on every image using the same method as for the asteroid. The brightness of the comparison stars remained constant to ±0.02 mag. The asteroid data were corrected for light-travel time and the magnitudes were reduced to one AU distance from the Sun and the Earth, following the standard procedure (Bowell et al. 1989 ). Refer to Brosch (2009) and Polishook (2014a) for detailed description of the photometric procedures of observation, reduction and calibration.
Spin Analysis
The calibrated data per asteroid and per apparition were folded by the known spin periods (Marchis et al. 2008 , Pravec et al. 2010 , Polishook 2011 , 2014b in order to identify outliers, eclipse events, and other non-periodic features. These measurements were excluded from the dataset before the application of the lightcurve inversion technique, in order to smooth the lightcurves and derive better fit models. Since most of the photometry from different nights was not calibrated on an absolute scale, we fitted a magnitude constant per observing night. The folded lightcurves at each apparition are presented in figures A1-A11 of the appendix.
The lightcurve inversion technique ) was implemented as a software package by Durech et al. (2010) to fit multiple solutions of sidereal period, spin axis direction and shape model that are constrained together to the photometric data. This is achieved by measuring the variability of the asteroids' brightness at numerous times, aspect angles and geometric conditions. Spin axes and shape models were derived for hundreds of asteroids using this algorithm and software, and are considered as good representations of the real shape of the asteroids (see many examples on the Database of Asteroid Models from Inversion Techniques (DAMIT) website:
http://astro.troja.mff.cuni.cz/projects/asteroids3D).
The algorithm first matches a wide range (0.4 h) of sidereal periods to the data around the already known synodic period, and finds the best sidereal period with the minimal & . We run the algorithm in several iterations, each time focusing on the previously found best period while decreasing the search range and the sampling interval. We find the optimal solution which has '() & . We define an acceptable threshold of Δ & , calculated from the confidence level , and the square root of the variance normalized by the number of degrees of freedom ,
. , since a & distribution with degrees of freedom has a variance of 2 (Press et al., 2007) . We chose this approach to determine the statistical uncertainty, following Vokrouhlicky et al. (2011 Vokrouhlicky et al. ( , 2017 that considered the problem of photometric uncertainties that may not obey Gaussian statistics and the problem of systematic and modeling errors dominating over the random ones. In this way, the uncertainty on the sidereal period we derived reduces with increasing number of measurements; for our sample the threshold Δ & is 5% to find the best fitting photometric curve, with the same acceptance threshold as before. With this method we derived a range of statistically possible spin axes per asteroid. We present here only asteroids for which the spin axes distribution was constrained to better than a hemisphere (Fig. 1) . Even though some solutions better fit the photometric data than others, we chose a conservative approach and present the 5th and the 95th percentile of the entire distribution as the lower and upper limits for the sidereal period and spin axis coordinates.
Using the derived spin axes we calculate the range of the obliquity for each asteroid: 
Shape construction
Shape models are constructed from photometric measurements using the lightcurve inversion code mentioned above. In order to quantify the elongation and flattening of the shape we fit a triaxial ellipsoid to the model denoting the three axes with , and where ≥ ≥ . Since none of the observed asteroids presents a complex lightcurve that can be modeled with non-principal axis rotation (tumbling rotation; Pravec et al. 2005) , we assume that all of the objects rotate around their maximum moment of inertia that is approximately axis . We calculate the three principal moment of inertia, I x , I y , I z (assuming uniform density) and the angles between these axes to the spin axis. We reject shape models on the basis of non-physical solution, if they violate at least one of the following. We separate cases where one inertia components dominates, from cases where two or all three components are similar:
-If I z > I y , I x , and the angle between the spin axis to I z is smaller than 30 degrees.
-If I z ~ I y > I x , and the angle between the spin axis to I x is larger than 60 degrees (that is the angle with respect to the I z -I y plane is again smaller than 30 degrees. -I z ~ I y ~ I x , no restriction is applied. we use a criterion of 30 o following Hanus et al. 2011 . We consider inertia components similar when the difference between them is smaller than 15%.
The spin axis solutions that passed these criteria are presented in Fig. 2 . We list the number of valid shape models for each asteroid with the 5th and the 95th percentile of the ratios / and / . In Figs. 3 and 4 we present the shape models with the lowest & only, and note that other shape models within the determined uncertainty for each asteroid are similar to those presented.
Slopes calculation
For every valid shape model, we map the gravitational and rotational forces on each facet. This allows us to construct a map of the slopes on the shape models' surfaces.
We calculate the gravity vectors Q by integrating a constant density model, and relying on Gauss's theorem to replace the volume by a surface integral:
• where = >⨂> > \ is the tensor that its divergence equals the gravity force
is directed along the outwards facet normal with a magnitude of its area, is the bulk density and is the gravitational constant and ⨂ represents the outer product operator. The gravity vectors at the three vertices of a facet, are averaged to derive the gravity vector of the facet. The density is assumed to be 2 gr cm -3 , (similar to the density of the rubble-pile structured asteroid 25143 Itokawa), or a density of 2.7 gr cm -3 (average density of S-type asteroids and the density of 433 Eros; Carry 2012).
The centrifugal vector for every facet is the average of the centrifugal forces of the facet's vertices, `. Using the spin rate ,
The acceleration term b is a simple addition of the gravity and centrifugal force:
The local slope of a facet is defined to be the angle between the inwards surface normal of a facet and the local acceleration term:
An example for the acceleration vectors and the slopes calculation is presented at Fig.  5 , where the acceleration vectors of a slow-and fast-rotating bodies are compared. The fast rotating case shows the direction of the local acceleration vectors changes relative to the slowrotating case, increasing the local slope. For the slow-rotating case, the slope map and associated histogram show that vast majority of the slopes are below the angle of repose.
Disruption model
For each asteroid in the set, we determine the rotation rate at which frictional failure occurs. Our criterion is reached when a region on the shape model of an area half the surface area of the secondary member has a slope larger than the angle of repose. This criterion was chosen following a simplifying assumption, in which the secondary is considered to be an ejected fragment which originally had half its surface area in contact with the primary. The angle of repose is set to 40 o -the angle of friction of lunar regolith (Mitchell et al. 1974 We iteratively searched for the minimum rotation period in which a contiguous region on the primary has a slope exceeding the angle of repose. The regions we found indicate potential locations of the detachment of the secondary. We limited the regions to occupy a single hemisphere in order to avoid the non-physical case of the detachment area encircling the primary. The potential detachment regions usually occur near the two ends of an elongated asteroid. The choice of half the area for the criterion is conservative; smaller areas would lead to a higher critical rotation period. This is equivalent to an increased size of the secondary, studied below. We also note that our simplifying assumption of two components laying one on top the other is theoretic -while it is physically reasonable for pairs with small secondaries (e.g. 5026, 7343), pairs with large secondaries (e.g. 4905, 88604) have probably more complex structures that includes part of the secondary buried within the primary object (such as Itokawa's "head"), thus the disruption process is more complicated. However, even in this case, the local slope at each of the contact facets should be higher than the angle of repose to allow disruption, in agreement with the criterion of our model. Therefore, we think our model can derive the disruption rate at good order of magnitude.
We provide the resulting rotation periods at break-up per asteroid, and present the shape models with a map of slopes at disruption, with their secondary members at the measured relative sizes, for comparison (Fig. 6 ).
Sensitivity to shape model
We seek to evaluate the extent to which our disruption model is sensitive to the shape solution. We perform several tests: first, we test the contribution of the shape's elongation and flattening to the critical period; then we examine how a convex model with some roughness or irregularities (the shape models we derive by the inversion algorithm) affects the critical rotation period compared to a smooth triaxial ellipsoid, that is usually available from standard photometric observations; Finally, we test the effect of the convex hulls we obtained, compared to concave shape models that often occur on real asteroids. In addition, we compare the derived shapes of pairs to those of non-pairs.
Elongation and flattening dependence:
Since elongated objects are less stable, we expect a correlation between the critical rotation period and elongation (i.e. the physical axes ratio / ). Harris (1996) , estimated this correlation as ef(g ∝ / . Therefore, we run our analysis code on all the derived shape models, with all other parameters normalized to a single value (effective radius of R=3 km, a hypothetical secondary with a radius of 1.2 km, equivalent to magnitude difference dH=2, density =2 g cm -3 ; the approximate averages of the real asteroids in our sample). Fig. 7 displays the physical axes ratios vs. one another ( / vs. / , when ≥ ≥ ), with the markers' colors representing the critical period. The correlation is clear with a linear fit of ef(g ~ (0.62±0.02) / + (0.39±0.02) / + constant, where the constant is a function of the other parameters (density, secondary size, etc.). Therefore, a spherical shape will have a minimal critical rotation period (the most stable shape), a pie/pancake shape is less stable, following by a cigar-shape body. The most unstable shapes, breaking at slower rotation rates are cases where both / and / are large. Future study may test if such bodies are indeed less common.
Convex models vs. simple triaxial models:
In order to isolate the effect of the model roughness, we used the three axes of each derived shape, , and , but considered a smooth triaxial ellipsoids with these axes. We normalized the pairs parameters to a single value as previously. We found that most (~95%) of the triaxial shape models disrupt at faster rotation compared to the inversion-based shapes, though the difference is subtle, with a median of 0.08 h and the 5th and the 95th percentile ranges between 0 to 0.17 h (Fig. 8) . We associate this difference with the higher slopes of the convex models, making them less stable.
Convex models vs. concave models:
We fit a convex model to our observations, which in some cases may represent a shell surrounding an actually concave object (for example, Eros and Itokawa have significant concavities, while Bennu and Ryugu do not). In order to check the effect of this assumption on our disruption model, we run the model on a random selection of twenty asteroids from the DAMIT database, for which both convex and concave models were published (Kaasalainen et al. 2002 , Torppa et al. 2003 , Carry et al. 2010 , Durech et al. 2011 , Hanus et al. 2013 , 2016 , 2017 , Franco & Pilcher 2015 , Viikinkoski et al. 2017 . While keeping the shape parameters, we applied the size parameters of all asteroids in our sample to each of the 20 shapes. We found that the convex versions of these models are slightly more stable than the concave ones, with a median difference of 0.03 h longer rotation period in the concave models and a 5th and a 95th percentile ranges between -0.085 to 0.215 h (Fig. 9 ).
Models of observed pairs vs. non-pairs:
In order to examine if asteroid pairs have shapes that are more prone to disruption, we compared the critical rotation period of the asteroid pairs' shape models to the convex shape models of other asteroids from the literature (the DAMIT website), with all other parameters normalized to a single value, as described above. The two distributions are similar ( Fig. 10 ), suggesting that asteroid pairs shapes are representative of non-pairs.
Results
Observed sample
Our current sample includes observations of eleven primary members of asteroid pairs that were selected for this work from the list of known pairs (e.g. Vokrouhlický & Nesvorny 2008, Pravec & Vokrouhlický 2009) because they were frequently available to the Wise Observatory's telescopes and unique solutions for them were derived. Each asteroid was observed between during three to seven apparitions, on ~10-30 nights, resulting in hundreds to thousands of measurements. This allows us to derive shape models that are statistically and physically valid. Observations used in this study were acquired from 2007 up until 2019, all performed at the Wise Observatory by DP. The shape models of five of the asteroids discussed here where also published by Polishook (2014a) but with larger uncertainties. The shape models of some of the asteroids presented here were also presented in Vokrouhlický et al. (2011 Vokrouhlický et al. ( , 2017 , and Pravec et al. (2019) with data collected from other stations; our results are in agreement with their spin axes values. The observational circumstances are summarized in the appendix's Table A1 . Some of the photometric observations were previously published by Pravec et al. (2010) , Polishook (2011 ), Vokrouhlický et al. (2011 and Polishook (2014a Polishook ( , 2014b . Some of this previously published data is summarized in Table 1 of Polishook (2014a) and not in the current paper, though it appears in the lightcurves of Fig. A1 -A11.
The observed asteroids represent the large end of asteroid pairs with diameter range of ~3-10 km, and a wide range of diameter ratio (secondary over primary) of 0.1-0.6. Most are Stype asteroids (thus their material density is comparable to S-complex asteroids such as Eros and Itokawa), though three asteroids of the sample present reflectance spectra of a Ch-type, Etype, and C or X-complexes. The orbital and physical parameters of the sampled asteroids are detailed in Table 1 . The orbital data was derived from the Minor Planet Center, and the taxonomy from the literature (Polishook et al. 2014 , Duddy et al. 2012 . The diameters were estimated from the absolute magnitude assuming an albedo value of 0.197 for S-complex asteroids (Pravec et al. 2012) , 0.36 for V-type, 0.43 for E-type, 0.05-0.15 for C/X-complex and 0.058 for the Ch-type asteroid (Mainzer et al. 2011) . We compared these diameters to the values collected by the Wide-field Infrared Survey Explorer (WISE; Masiero et al. 2011) , after recalculating them with updated absolute magnitude H. The two asteroids in our sample (2110 and 4905) that were measured by WISE with 3 or 4 channels, i.e. those with secure results, are 10% and 5% off the diameters we calculated, suggesting our approach is correct. Sidereal rotation period and spin axis The lightcurve inversion code derives statistically valid results with small uncertainty only if observations are collected on at least ~3-4 apparitions with a total of ~700 measurements spread around these apparitions. The quality of the results depends on the S/N of the observations and the variation in the viewing geometry, thus the number of observations above may be insufficient if the asteroid is sampled with a low S/N or over a narrow range of geometries. The algorithm found a sidereal period for each asteroid with small uncertainties (median ~0.01 sec) at a confidence level of = 3. We present the & values for all spin axis solutions in ecliptic longitude-latitude coordinates for each asteroid in our sample (Fig. 1) , and a similar figure with the spin axes coordinates only for models that have feasible physical parameters as defined previously (Fig. 2) . Studying the derived spin axes distribution, we find that eight asteroids show retrograde rotation, and three show prograde rotation. The spin axis longitude of five of the asteroids are mostly degenerate, because the pole is almost orthogonal to our aspect angle, or due to small number of viewing geometry. For the other six asteroids, the longitude is constrained to two mirror solutions, and we give them both in Table 2 .
The median obliquity of all the asteroids is closer to 0 o or 180 o than to 90 o although in some cases (3749, 7343, 10484, 16815, 42946, 88604 ) the uncertainty on the spin axis is too large to decide if it is closer to the pole or the equator. We note that asteroids with obliquities close to 0 o or 180 o are consistent with independent observations and with the theory that describes the YORP effect as the physical mechanism responsible to align the asteroids spin axes to their orbit (Vokrouhlicky et al. 2003) . Indeed, Slivan (2002) discovered that the spin axes of the Koronis asteroid family are trapped in spin-orbital resonances, one at positive and the other at negative latitude. Hanus et al. (2011 Hanus et al. ( , 2013 have found that the obliquities of main belt asteroids are not evenly distributed, with higher fraction close to 0 o and 180 o . Since the YORP effect can also lead to the ultimate disruption of rubble piles forming asteroid pairs, the notion is that asteroid pairs with obliquities at approximately 0 o or 180 o maintained the obliquities of their progenitors after disintegration. Polishook (2014a) and Vokrouhlicky et al. (2017) showed that the primary members of the pairs 2110-44612 and 6070-54827, respectively, did not only preserve the low obliquity of their progenitors but also kept rotating in the same sense as their secondaries (a retrograde rotation for both pairs), suggesting a gentle breakup. Shape models Our algorithm derived multiple shape models for each asteroid that are all compatible with the observations within the uncertainty. However, in some cases the differences between the models are subtle, in one or more dimensions. For example, all of the 13 possible shape models of asteroid 5026 are similar to one another. In other cases, the flattening of the models ( / ) are less constrained resulting with some variation in the axis. With scanning interval of five degrees at the longitude-latitude plane, the total number of possible models was 72×37×11 = 29,304. From these, the inversion algorithm derived 776 acceptable models for the entire asteroid sample. The 5th and the 95th percentile of the triaxial ratios of the valid models of each asteroid, / and / , are summarized in Table 2 .
Among our sample, seven asteroids have elongated shapes (median / of 1.37), and four others (3749, 7343, 10484, 16815) are roughly spherical (median / of 1.09) with shape models resembling the "top-shaped" bodies such as (66391) 1999KW4 (Harris et al. 2009 ). This is not necessarily representative of the real distribution of asteroid shapes. There is a bias inherent in the lightcurves of spherical asteroids that show little variations and hence provide fewer constraints on the spin solution. However, finding both spherical and elongated shapes suggests that rotational-disruption resulting from spin-up does not preferentially result in a topshaped model, as stated by other studies (e.g. Statler 2015) . Both top-shaped and elongated bodies can lose mass and form asteroid pairs.
Critical rotation periods
Our 776 spun-up models reach the disruption criteria at a range of values from 2.6 to 3.5 h. Table 3 presents the median value of the critical rotation period per asteroid, with the median for all asteroids at 2.8 h. When the results are median averaged for each asteroid, the critical rotation period ranges between 2.6 to 3.0 h only, when 5026 Martes is excluded. This asteroid is unique in its very elongated shape ( / ranges between 1.69 to 1.76 or 1.49 to 1.59) and in its small secondary ( & v = 0.15), thus, a small area with high slope is required to reach the disruption criterion. Another two asteroids, 3749 Balam and 16815 1997UA9, also have small secondaries ( & v of 0.13, and 0.14, respectively) but their shapes are rounded ( / =1.01 to 1.09, and 1.04 to 1.17, respectively).
While the disruption rotation period we derived is comparable to the classic spin barrier at 2.2 h (Pravec & Harris 2000) , it is slower by ~30%, implying additional effects and/or parameter adjustment are required in our disruption model. The shape difference among the possible models can account for only a limited change of the critical rotation period, as shown above. Below we discuss some possibilities that could account for this mismatch.
Discussion
In order to explain our result of slower critical rotation period than the commonly quoted 2.2 h, we suggest several alternative scenarios, noting that combination of these is also possible. The scenarios detailed below invoke an ejected body that was originally larger than the current secondary component, a higher value of density, a higher angle of repose and the presence of cohesion. These potential explanations are required if one assumes that asteroid pairs actually break up at the spin barrier of 2.2 h as determined for non-pairs. This assumption relies on pairs being representative of asteroids in general in their physical properties (e.g. size, structure, composition, cohesion) and history (e.g. thermal spin-up), and they are distinguished only in the time of the disruption occurring relatively recently (≲10 6 years). It is possible, however, that asteroid pairs are actually weaker than the standard asteroid (in the same size range), and thus disrupt at a spin barrier that is longer than 2.2 h. Larger original ejected body Since in our model, disruption occurs when the area with high slopes is larger than half the surface of the secondary, an original secondary component that is larger in size than at present would require a larger area with high slopes on the primary and hence a faster critical spin rate. The idea that the secondary is larger at breakup was suggested by Jacobson and Scheeres (2011) that studied the effect of tidal forces acting on the ejected component in the vicinity of the main body. Using numerical calculations, they showed that ~40% of the rotationally disrupted asteroids suffer additional disruptions, and of these cases, some components are separated thus forming asteroid pairs.
In order to study the effect of a larger secondary on the critical rotation period we run our analysis code using different values of the absolute magnitude difference . This can be translated to diameter ratio ( & v Scheeres (2007) that calculated the amount of free energy in the system that allows the secondary to escape. This threshold was confirmed observationally by spin measurements of asteroid pairs (Pravec et al. 2010) .
Increasing & v is most effective for asteroids with low & v ratio such as 5026 Martes that has a & v = 0.16, and thus its critical rotation period decreases by 0.6 h relative to the maximal value. However, since most of the asteroid pairs already have secondary components that are almost at the maximal threshold, changing this parameter has usually little effect, on average ~0.1 h, on the critical spin period. Figure 12 presents the decrease in critical rotation period for every asteroid and model we derived. Therefore, we conclude that while originally larger secondaries are possible, this effect alone is insufficient to modify the critical rotation period to 2.2 h, and other reasons are required in order to reach the spin barrier.
Interestingly, another pair in our sample with small secondary ( & v~0 .13) is 3749 Balam with a median critical rotation period of 2.90 h, which is problematic since its current rotation period is faster (~2.805 h). However, this asteroid is unique: it has at least two satellites in addition to the ejected component that defines it as an asteroid pair. Both satellites are larger than the secondary pair ( & v~0 .4 for each of the satellite; Marchis et al. 2008 , Polishook et al. 2011 . When assuming the two satellites and the secondary pair were all ejected together from 3749 as a single body (summing the masses of the secondary pair and the two satellites results with & v~0 .13, & v~0 .5), our model results with a faster critical period with a median of 2.8 h, equivalent to 3749's current rotation period. This supports the idea that indeed the two satellites and the secondary pair of Balam separated at the same time as described by the Jacobson & Scheeres model. This also suggests that the secondary of 5026 is also a small fragment of a larger body that was ejected from the main asteroid. The larger ejected component might not have been identified yet, or, it crashed back on the surface of the primary asteroid, elongating its shape.
In order to examine the effect of the secondary's gravity acting on the primary's surface, we computed the effect of a point mass placed near the facet with the highest slope of the primary, and repeated our procedure above for this perturbed gravity field. Introducing the secondary mass resulted with the critical rotation period increasing by only 1 to 4%, depending on the size of the secondary. Therefore, we conclude that the secondary mass has little effect on the critical rotation period.
Higher density
Increasing the assumed density of the asteroids from Itokawa's value of 2.0 g cm -3 to Eros' value of 2.7 g cm -3 , which is also the average density of S-type asteroids (Carry 2012 ), increases the self-gravity and the critical rotation rate. If indeed disintegrated by rapid spin, the asteroids are expected to be rubble piles and their densities must be lower than ordinary chondrite's density (3.3 g cm -3 , Carry 2012). We found that the critical rotation period decreased by ~0.4 h to ~2.4 h on average, compared to the parallel scenario with Itokawa-like density. With a maximal & v~0 .6 and an Eros-like density, the critical period decreases further by ~0.1 h to ~2.3 h, on average, with a standard deviation of 0.05 h. This result is also relevant for the asteroids in our sample that are not S-types (but have similar density values), and specifically to 5026 that supposedly has lower density since it is classified as a Ch-type (their density on average is 1.41 ± 0.29 g cm -3 ; Carry 2012). With such a low density it reaches a disruption at 3.99 h and 3.24 h with a maximal & v~0 .6, which is compatible with the impression that C-type asteroids have, on average, lower limit on their spin rate compared to the S-type asteroids as presented by Chang et al. (2015) .
We note that the studied asteroids are an order of magnitude larger than Itokawa (effective diameter 0.320 km), closer in size to Eros (16.3 km) and thus a higher density may be appropriate for the pairs if density increases with size, as Carry (2012) pointed out. One option is that larger asteroids have 'cores' that are more compact and therefore are denser than their 'shells' (e.g. Walsh et al. 2012 . Further study is needed to constrain the pairs' densities.
Higher angle of repose
Increasing the angle of repose required for failure would also results in a faster critical period. Measurements of the angle of friction of Lunar regolith (~40 o ; Mitchell et al. 1974 o for the angle of repose, attributed only to wet sand on the Earth and unlikely for asteroid regolith, the critical rotation period we derive is 2.4 h on average, away from the 2.2 h spin limit. Hence, this property is unlikely to account for our results.
Cohesion
Significant internal cohesion among the components of the asteroid acts as an additional force to resist the rotational acceleration and thus allow the asteroid to disrupt at a faster rate (e.g. Holsapple 2007 , Scheeres et al. 2010 , Rozitis et al. 2014 . To estimate the amount of cohesion required to set the critical rotation period to 2.2 h, we calculate the additional rotational acceleration added to the system, ∆ b , at rotation period of 2.2 h, over the value where our disruption criteria is met, b . Choosing a simple approach, following , the stress acting on the failure plane is the product of ∆ b , and the mass of the secondary, divided by the size of the failed area, where for the latter we used half of the secondary surface, , as above for simplicity. We calculate ∆ b ‚ per facet , for only the facets that are within the failure area, scaled by the ratio of the facet area by the failure area, ƒ . Integrating over the contributing facets gives the additional pressure on the failed area that is required to maintain the secondary object to the primary asteroid at a rotation of 2.2 h. Since the cohesion acts tangentially to the surface, in computing the minimal required cohesion, …ƒ † , we use only the tangential component of ∆ b ‚ by multiplying it by sin ƒ , where ƒ is the slope of the facet: Table 3 ). When increasing the density from 2.0 (Itokawa-like) to 2.7 gr cm -3 (S-type average-like), the required cohesion drops to an average of ~360 Pa with a 5 to 95 percentile range of 10 to 1790 Pa. These cohesion values are comparable to the cohesion of regolith on the Moon (100-1000 Pa; Mitchell et al. 1974 ), Mars (0-2000 Sullivan et al. 2011 ) and other asteroids (e.g. 25143 Itokawa, P/2013 P5, and (29075) 1950 DA with values ranging between 25-100 Pa; Sànchez & Scheeres 2014 , Rozitis et al. 2014 . Note that all but five of the 776 shape models required some cohesion in order to reach breakup rotation rate of 2.2 h. However, we note that only 1% of same-size known asteroids (0.2 > > 10 km, not in pairs) spin faster than 2.3 h, and only 5% spin faster than 2.6 h (see Fig. 12 ). Thus, it may be the case that not all asteroid reach the 2.2 h limit used here.
Summary
By mapping the acceleration vectors on constructed shape models of rotationally disrupted asteroids, we were able to calculate local slope values on the asteroid shapes. Compared to the known angle of repose, we derived the critical rotation period at disruption, assuming the area with slope higher than the angle of repose is as large as half the surface of the secondary component. In order to reach critical rotation periods that are similar to the classic rubble pile spin limit of 2.2 h, we investigated the effects of various asteroids' properties including density, secondary size fraction, angle of repose, and cohesion. In addition, we studied the effects of the asteroid shape. We find that:
-Among the five asteroids with small uncertainty on their obliquity, all have obliquity ranges that are closer to 0 o or 180 o than to 90 o . This is consistent with the YORP effect as the physical mechanism responsible for the spin-up and the spin alignment with the ecliptic pole and thus supports the notion asteroid pairs were disintegrated by the YORP effect.
-The elongation and flattening of the asteroid's shape can significantly increase the critical rotation period, even by almost an hour relative to a spherical object. Although the critical rotation period is more sensitive to the elongation ( / ), the flattening ( / ) is also effective and can account for about half the effect. -The uncertainty of our analysis that comes from the convexity limitation of the models, from the roughness of a model compared to a smooth triaxial body, and from neglecting the secondary mass, is limited to about ~0.2 h. -Density plays a significant role in determining the critical rotation period. A density of 2.7 gr cm -3 , the average density of S-type asteroids (and density of 433 Eros), decreases the critical rotation period by ~0.4 h on average, compared to an Itokawa-like density of 2 gr cm -3 . If the asteroid pairs analyzed here broke up at a spin period similar to the breakup speed usually observed (~2.2 h), then we predict that the density of such kmsized objects is high, more similar to Eros's than Itokawa's. -The observed reduced critical spin rate can be partially, but not completely, explained if the ejected body had a larger size when disruption occurred, and subsequently continued to break up to the present size. -Introducing cohesion of hundreds of Pa allows the shape models to reach a critical rotation period of 2.2 h for all objects. Even for the most stable case, of spherical-shape asteroids, with density of 2.7 gr cm -3 and a large secondary, some cohesion is required. A cohesionless structure for km-sized rubble pile asteroids is possible only if they disintegrate at a lower rotation rate with a period of 2.4-2.6 h and their density is near the higher range considered here.
Rotationally-disrupted pairs offer unique insights into understanding the internal structure of asteroids. Obtaining the shape models of additional primary components and secondary members through lightcurve inversion or other means, can provide further constraints on these bodies' hidden properties.
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Plots
Fig. 1: The
& values for all spin axis solutions in ecliptic longitude-latitude coordinates for the eleven asteroids in our sample. The uncertainty of the fit corresponds to 3 (white lines) above the global minimum, demonstrating the sense of rotation of the asteroids is prograde for 5026, 7343, 42946, and retrograde for 2110, 3749, 4905, 6070, 10484, 16815, 25884, 88604 . & is marked with black circle for each object. This test further constrains the spin axis and shape models derived from the lightcurve inversion algorithm. Shape models for six asteroids in our sample. We present here the shape models that obtain the lowest & . Note that other shape models within the determined uncertainty for each asteroid are similar to the those presented here. The shape models are presented from two equatorial perspectives (left and center) and pole-on (right). The black scale bar is 1 km. In panel A, the shape model rotates slowly (3.34 h, the current rotation period of asteroid 2110 Moore-Sitterly), and the body's gravitation is stronger. In panel B, the same asteroid shape model is used but it rotates faster (2.2 h), and the rotational acceleration plays a greater role. Panel C presents the normal vectors to each facet (orange arrows), with the color scheme representing the computed slopes (for the slow rotating case). The distribution of the slopes is presented on panel D, while the red line is the cumulative area fraction. An additional shape at each panel represents the secondary, at the measured size ratio compared to the main asteroid. The secondary shape model shown is the same in all panels, and was derived using the lightcurve inversion technique using photometry measurements of asteroid 44612, the secondary of 2110 Moore-Sitterly (published in Polishook 2014a). The slope calculation presented here includes a density value of 2.0 gr cm -3 and the measured size ratio between each asteroid and its secondary. The physical axes ratios ( / vs. / , when ≥ ≥ ), with the markers' colors representing the critical rotation period. Each circle represents a model of an asteroid pair from our sample. The partially transparent color scheme is a linear fit to both ratios, that shows that the critical rotation period is linearly correlated with the elongation and flattening. The plan has coefficients of 0.62 ± 0.02 ( / axis) and 0.39 ± 0.02 ( / axis). Fig. 8 : Comparing the critical rotation periods for breakup using shape models that are derived from the inversion technique, to those that are derived from smooth triaxial shape models. Each color represents models of a single asteroid. While keeping the shape models constant, we normalized all other parameters to a single value (effective radius of R=3 km, a hypothetical secondary with a radius of 1.2 km, equivalent to magnitude difference dH=2, density =2 g cm -3 ; all are rounded values of the average of the real asteroids in our sample). The black dashed-line is a best linear fit to all data points with a slope of 0.96±0.14, while the grey line has a slope of 1 for comparison. Most (~95%) of the triaxial shape models disrupt at a somewhat faster rotation periods compared to the inversion-based shapes, with a median of 0.08 h and the 5th and the 95th percentile ranges between 0 to 0.17 h. Fig. 9 : Comparing the critical periods for breakup of convex and concave models. We perform our breakup calculation for a random selection of twenty asteroids from the DAMIT database, for which both convex and concave models were published. While keeping the shape parameters, we applied for each of the models the size parameters of all asteroids in our sample. The black dashed-line is a linear fit to the data points with a slope of 0.97±0.20, while the grey line has a slope of 1 for comparison. The convex models are slightly more stable with a median difference of 0.03 h towards the concave models and a 5th and a 95th percentile ranges between -0.085 to 0.215 h. Fig. 10: Comparing the distributions of the critical rotation periods derived from the asteroid pairs' shape models (blue bars), and from convex shape models of other asteroids from the literature (pink bars) that are not recognize as pairs. All parameters were normalized to a single value, with only the shape models differed from to object to object. The two distributions are similar, suggesting that asteroid pairs are representative of non-pairs in terms of their shapes. Fig. 11 : A density map of the possible spin axis solutions averaged for all asteroids in our sample in a longitude-latitude plane. The concentration of the spin axes on the ecliptic poles is consistent with the YORP effect as a physical mechanism responsible to align the asteroids spin axis to their orbit. Fig. 12 : Rotation periods of the eleven asteroid pairs in our sample determined in a suite of six scenarios from left to right: current rotation period (some values are off the plot in order to better see the models' results; see these periods at Table 2 ), critical rotation period for disruption with density of 2.0 gr cm -3 and current diameter ratio & v , with density of 2.0 gr cm -3 and maximal diameter ratio & v = 0.6, with density of 2.7 gr cm -3 and current diameter ratio & v , with density of 2.7 gr cm -3 and maximal diameter ratio & v = 0.6, and rotation period forced to the spin barrier at 2.2 h. The colored dots represent each shape model, while the colored squares represent the median of all shape models per asteroid. We compare our sample to all asteroids with known rotation period in the size range 1 < D < 40 km, similar to the sizes of the studied pairs. The horizontal lines indicate the rotation period for which 90%, 95%, 99%, or 100% of the objects rotate slower than this value. Lightcurves of the eleven asteroids in our sample. Photometry from each apparition is presented separately. 
